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Abstract 

This paper is concerned with the Cauchy problem for a two-component 
Degasperis-Procesi system. Firstly, the local well-posedness for this sys- 
tem in the nonhomogeneous Besov spaces is established. Then the precise 
blow-up scenario for strong solutions to the system is derived. Finally, 
two new blow-up criterions and the exact blow-up rate of strong solutions 
to the system are presented. 
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1 Introduction 

In this paper we consider the Cauchy problem of the following two-component 
Degasperis-Procesi system: 



(1.1) 



m t + 3mu x + m x u + k^pp x =0, t > 0, X G 

p t + k 2 up x + (ki + k 2 )u x p = 0, t > 0, x G 

u(0, x) = Uq(x), l£l, 

p(0,x) = po(x), iel, 



where m — u — u xx , while (fci, k 2 , fca) = (1,1, c) or (c, 1,0) and c takes an 
arbitrary value. 

Using the Green's function p(x) = ^e - ' 1 ', x G K and the identity (1 — 
c^) -1 / = p * f for all / G L 2 (R), we can rewrite System (1.1) as follows: 

u t + uu x = P(D)(^u 2 + !fp 2 ), (>0,i£M, 



p t + k 2 up x = -(fci + k 2 )u x p, t > 0, x G 
■u(0, x) = uq(x), i£l, 

p(o,x) = po(x), 



(1.2) 

I Lbyvjj ju ) - 

{ p(0,x) = 

where the operator P(D) = —d x (l — d 2 ) -1 
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System (1.1) as the Hamiltonian extension of the Degasperis-Procesi equa- 
tion was firstly proposed in [42 and it is generated by the Hamiltonian op- 
erator which is a Dirac-reduced operator of the generalized but degenerated 
second Hamiltonian operator of the Boussinesq equation. As the author men- 
tioned, he can not verify the integrability of System (1.1) in his way (42]. How- 
ever, it does not mean that this system is not integrable. In particular, for 
(^1,^2,^3) = (c, 1,0), System (1.1) is no more coupled and the equation on p 
becomes linear. Therefore, we only consider the case (^1,^2,^3) = (1,1, c) in 
the present paper. That is 

u t + uu x = P(D)(|u 2 + § p 2 ), t > 0, x e E, 

, , I pt + up x = -2u x p, t > 0, x € E, 

{ } I u(0,x) =u (x), xeR, 

p{0,x) = p (x), x e E. 

For p = 0, System (1.1) becomes the Degasperis-Procesi equation [J5]. It 
was proved formally integrable by constructing a Lax pair |17j . Moreover, they 
also presented [17) that the DP equation has a bi-Hamiltonian structure and an 
infinite number of conservation laws, and admits exact peakon solutions which 
are analogous to the Camassa-Holm peakons [JJ [13] . The DP equation can 
be viewed as a model for nonlinear shallow water dynamics and its asymptotic 
accuracy is the same as for the Camassa-Holm shallow water equation [JJ [TUJ 
ri~9l I20l I34] . It can be obtained from the shallow water elevation equation by 
an appropriate Kodama transformation J3U] • The numerical stability of solitons 
and peakons, the multi-soliton solutions and their peakon limits, together with 
an inverse scattering method to compute n-peakon solutions to DP equation 
have been investigated respectively in [351 [3j2 HO]. Furthermore, the traveling 
wave solutions and the classification of all weak traveling wave solutions to DP 
equation were presented in [36, 43 . After the DP equation appeared, it has 
been studied in many works [HI 13H [3S1 EHl HOI S3 SB]- For example, the 
author established the local well-posedness to DP equation with initial data 
Mo € H s (E) , s > | on the line [35] and on the circle S5] , and derived the precise 
blow-up scenario and a blow-up result. The global existence of strong solutions 
and global weak solutions to DP equation were shown in [49] [50] . Similar to the 
Camassa-Holm equation [5J [S] [7J [TTJ 021 SI] , the DP equation has not only global 
strong solutions [37] H] but also blow-up solutions [23] [21 GUI S3 • Apart from 
these, it has global entropy weak solutions in L 1 (E)nBV r (E) and £ 2 (E)nL 4 (E), 

Although the DP equation is very similar to the Camass-Holm equation in 
many aspects, especially in the structure of equation, there are some essential 
differences between the two equations. One of the famous features of DP equa- 
tion is that it has not only peakon solutions u c (t,x) = ce~\ x ~ ct \ with c > [TT] 
and periodic peakon solutions [SD], but also shock peakons [3S] and the peri- 
odic shock waves [24]. Besides, the Camass-Holm equation is a re-expression 
of geodesic flow on the diffeomorphism group [5] or on the Bott-Virasoro group 
[4"T] , while the DP equation can be regarded as a non- metric Euler equation [3T] . 

Recently, a large amount of literature was devoted to the two-component 
Camass-Holm system [3 [51 12H [13 HZl HS1 [HI EOJ [Ml Hi] ■ It is noted that the 
authors in [44] studied the analytic solutions of the Cauchy problem for two- 
component Camass-Holm shallow water systems, which were proved in both 
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variables, globally in space and locally in time. The used approach in [33] 
depends strongly on the structure of the given system, so we can obtain the 
same analyticity results of System (1.3) as those in two-component Camass- 
Holm system. However, the Cauchy problem of System (1.3) in Besov spaces 
has not been discussed yet. The goal of this paper is to establish the local 
well-posedness of System (1.3) in the nonhomogeneous Besov spaces, derive the 
precise blow-up scenario of strong solutions to the system, and give the new 
blow-up criterions with respect to the initial data and the exact blow-up rate 
of strong solutions to the system. Most of our results can be carried out to the 
periodic case and to homogeneous Besov spaces. 

To solve the problem, we mainly use the ideas of [TU [29] [30l [37] ■ One of 
the difficulties is the treatment of critical index in proving local well-posedness 
of System (1.3), which has been overcome by the interpolation method in some 
sense. On the other hand, the H 1 x i 2 -norm conserved quantity plays a key 
role in studying the blow-up phenomenon of the two-component Camass-Holm 
system [29] [30] . Unfortunately, one can not find this similar conservation law of 
System (1.3). This difficulty has been dealt with in some sense by obtaining a 
priori estimate i°°-norm of the first component of the solutions to System (1.3) 
and making good use of the structure of the system itself. 

We now conclude this introduction by outlining the rest of the paper. In 
Section 2, we will recall some facts on the Littlewood-Paley decomposition, 
the nonhomogeneous Besov spaces and their some useful properties, and the 
transport equation theory. In Section 3, we establish the local well-posedness 
of the system. In Section 4, we derive the precise blow-up scenario for strong 
solutions to the system. Section 5 is devoted to some new blow-up results and 
the exact blow-up rate of strong solutions to the system. 

2 Preliminaries 

In this section, we will recall some facts on the Littlewood-Paley decomposition, 
the nonhomogeneous Besov spaces and their some useful properties, and the 
transport equation theory, which will be used in the sequel. 

Proposition 2.1. [16] (Littlewood-Paley decomposition) There exists a couple 
of smooth functions (x, valued in [0,1], such that x is supported in the ball 
B = {£ £ M" : |£| < §}, and tp is supported in the ring C = {£ £ R" : § < |£| < 
|}. Moreover, 

and , 

supp (f(2~ q -) n supp Lp{2T q ■) =0, if \q-q'\> 2, 

supp x(') H supp tp(2~ q -) = 0, if q > 1. 

Then for all u £ S , we can define the nonhomogeneous dyadic blocks as 
follows. Let 

A q u = 0, if q < -2, 
A_iit = x{D)u = T^ x x-F u i 
A q u = tp(2~ q D)u = F~ 1 Lp(2~ q £)Tu, if q>0. 
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Hence, 

where the right-hand side is called the nonhomogeneous Littlewood-Paley de- 
composition of u. 

Remark 2.1. (1) The low frequency cut-off S q is defined by 

9-1 

S q u 4 A p u = x(2~ 9 D)u = F^x^-iQFu, V q e N. 
p=-i 

^ TTie Littlewood-Paley decomposition is quasi- orthogonal in L 2 in the follow- 
ing sense: 

A p A gU = 0, if \ P -q\>2, 
A q (Sp^.iuA p v) = 0, i/|p-g|>5, 

for all u,ve S'(R n ). 

(3) Thanks to Young's inequality, we get 

\\A q u\\ L *, \\S q u\\ LP <C\\u\\ LP , Vl<p<co, 

where C is a positive constant independent of q. 

Definition 2.1. 176] / (Besov spaces) Let s € R, 1 < p, r < oo. 27ie nonhomoge- 
neous Besov space L?p r (R n ) (B^ r for short) is defined by 

^ r (R")4{/G5'(R"):||/|| B , ir <oo}, 

w/iere 

||/|| B - r ± ||2^AJ|| r(LP) = ||(2^||A 9 /|| iP ) 9 >_ 1 || ; ,, 
L/s = oo, B~ 4 n S|, r . 

sGR 

Definition 2.2. Let T > 0, s € R and 1 < p < oo. Sef 

E 6 P A T ) = C([0,T};B;j n C^M;*'- 1 ), if r < oo, 
Ep,oo(T) 4 L°°([0, T];Bp )00 ) n Lip ([0, T]; 

and 

^P.r - P) E pA t )- 

T>0 

Remark 2.2. By Definition 2.1 and Remark 2.1(3), we can deduce that 

\\ A q U \\B }T i \\S q u\\ B > iT < C\\u\\ B » tr , 

where C is a positive constant independent of q. 

In the following proposition, we list some important properties of Besov 
spaces. 
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Proposition 2.2. [FH \M$ Suppose that s € R, 1 < p, r,^,^ < oo,i = 1, 2. 
FFe /lave 

^ Topological properties: Bp r is a Banach space which is continuously embed- 
ded in S . 

(2) Density: is dense in Bp r <^=> 1 < p. r < oo. 

I-Ti(J ^) 

(5j Embedding: Bp iri ^ B P2 ^ 2 P1 P2 , if p\ < p 2 and ri < r 2; 

-B^ r2 Bp 1 ri locally compact, if s\ < s 2 . 

(4) Algebraic properties: Vs > 0, Bp r f] L°° is an algebra. Moreover, Bp r is an 
alqebra, provided that s > — or s > — and r = 1. 

3 7 r p — p 

(5) 1-D Morse-type estimates: 
(i) For s > 0, 

(2-i) \\fg\\B^ r (m ^ c '(II/IIb=, i .(r)IIsIIl~(r) + IMU^wll/lk"-^))- 

(it) Vsi < | < S2 (s2 > ^ if r = 1) and s\ + S2 > 0, we have 

(2-2) ll/3lls-i r (iR) < C|l/llB^ r (R)llfflls^ r (E)- 

(Hi) In Sobolev spaces H S (R) = £?| 2 (R), we /law /or s > 0, 

(2.3) H/dzSllifsQK) < C , (||/|| ffs +i( R )||g|| L oo (R ) + \\f\\ L ^(R)\\dxg\\H-(R)), 

where C is a positive constant independent of f and g. 

( 6) Complex interpolation: 

(2.4) ||/|| <rl+(1 - e ). 2 < 11/11^,11/11^1 , Vii6B* r n^ r , We [0,1]. 

(7) Fatou lemma: if (u„)„gn is bounded in B s p r and u n — > u in S , then u € Bp 
and 

\\u\\b' < liminf ||u„|| S3 . 

(8) Let raeR and f be a S m -multiplier (i.e., f : R™ — >• R is smooth and satisfies 
thatV a £ N", 3 a constant C a , s.t. \d a f{£)\ < C Q (l + |£|) mHa| /or all £ € 
W 1 ). Then the operator f(D) is continuous from Bp* r to Bp~ m . 

Now wc state some useful results in the transport equation theory, which are 
crucial to the proofs of our main theorems later. 

Lemma 2.1. \14\ I-Z6] / (A priori estimates in Besov spaces) Let 1 < p, r < 00 
and s > — min(-,l — ~). Assume that fo e Bp r , F e L 1 (0, T; i?* r ), and c^v 

&e/orcos to L l {Q,T; B s p - 1 ) if s > 1 + ± or to L^O.T;^ H L°°) otherwise. 

If f € L°°(0,T; r ) p| C([0, T];«S ) solves the following 1-D linear transport 
equation: 



(T) 



d t f + vd x f = F, 
/|t=o = /o- 

TTien i/iere exists a constant C depending only on s,p and r, and such that the 
following statements hold: 
(l)Ifr = l or a + 

< H/olU- + /V(T)|| fl5 dr + C /V(r)||/(r)|| B . dr 
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or hence, 

\\f(t)\\B ir <e cv W(\\fo\\B ir + I * e- cv{T) \\F{r)\\ B . r dT) 

Jo 

with V(t) = /„' \\d x v(r)\\ i dr ifs<\ + \and V(t) = f* \\d B1 v{T)\\ B .-xdr 
else. 

(2) Ifs < 1 + and f' e L°°, d x f G L°°((0,T]) x R) and d x F G L^O, T; 
i/ien 

II/WIIb^ + II^/WIIl- 

< e C ^(||/ ||B |r + HSx/olk- + f e' CV{T \\\F{r)\\ B s +\\d x F{r)\\ L ^)dr), 

Jo 

withV(t) = f*\\d x v(T)\\ i dr. 

(3) If f = v, then for all s > 0, (2.2) holds true with V(t) = f* \\d x v(r)\\ L ^dr. 

(4) Ifr < oc } then f G C([0, T]; r ). // r = oo, tten / € C([0,T]; B^) /or 
o(/ s < s. 

Lemma 2.2. Jipy (Existence and uniqueness) Let p,r, s, /o and i* 1 oe as in the 
statement of Lemma 2.1. Assume that v G L p (0,T;B- A ^) for some p > 1 

and M > 0, and d x v G i 1 ^ T '> B p~^) if s > 1 + 1 or s = 1 + 1 anrf r = ^ 
and 9 x w G i 1 (0, T; -Bp.oo H L°°) if s < 1 + i. TTien (Tj /ias a unique solution 
f G L°°(0,T;B° r )f} ( f| CftO,! 1 ];.^)) and </ie inequalities of Lemma 2.1 

s <s 

can /icdd irue. Moreover, if r < oo, iften / G C([0,T]; Bp r ). 

Lemma 2.3. fSOf (A priori estimate in Sobolev spaces) Let < a < 1. j4s- 
SHme iftai /o e H a , F e L 1 ^, T; H a ), and v,d x v G L 1 (0, T; L°°). If f £ 
L°°(0,T; H a )f]C([0,T];S') solves (T), then f G C([0, T]; JJ CT ), and t/iere ex- 
ists a constant C depending only on a such that the following statement holds: 

\\f(t)\\n* < ||/o||h- + C f \\F(r)\\ H ,dT + C I V {r)\\f{r)\\ H ,dr 

Jo Jo 

or hence, 

||/(i)||^<e c ^(||/o||^ + f \\F{T)\\ H ,dr) 

Jo 

with V(t) = fi(\\v{T)\\ L - + \\d x v(r)\\ L ^)dr. 

3 Local well-posedness 

In this section, we will establish the local well-posedness of System (1.3) in the 
nonhomogeneous Besov spaces. 

For completeness, we firstly apply the classical Kato's semigroup theory j3S] 
to obtain the local well-posedness of System (1.3) in Sobolev spaces. More 
precisely, we have 
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Theorem 3.1. Suppose that z = y ^° J € H S (R) x /p-^R), and s > 2. 
There exists a maximal existence time T = T(\\ zq \\h s (r)xh s - 1 (m)) > 0? arl <^ a 
unique solution z = ^ M ^ to System (1.3) such that 

z = z(-,Zq) E C([0,T);H s (R) x iP^R)) n C 1 ([0,T); J ff' -1 (R) x £p- 2 (R)). 

Moreover, the solution depends continuously on the initial data, that is, the 
mapping zq t— > z{-, Zq) : 

H s (R)xH s -\R)^C([0,T);H s (R)xH s - 1 (R))nC 1 ([0,T);H s - 1 (R)xH s - 2 (R)) 
is continuous. 

Proof. The proof is very similar to that in [52], so we omit it here. □ 

Now we pay attention to the case in the nonhomogeneous Besov spaces. 
Uniqueness and continuity with respect to the initial data in some sense can be 
obtained by the following a priori estimates. 

Lemma 3.1. Let 1 < p, r < oo and s > max(2 — -, 1 + i, |). Suppose that we 
aregiven ( £ j € L~(0, T; B' P )nC([0, T]; 5') x L°°(0, T; B'-^nCQO, T]; 5') 

(i = 1,2) two solutions of System (1.3) with the initial data [ U f ) £ B5, r x 

B s v - X (i = l,2) and let u 12 = u 2 - u 1 and p 12 = p 2 - p 1 . Then for all t £ [0,T], 
we have 

(1) ifs > max(2 -1,1 + 1 §). but s £ 2 + ±,3 + ±. then 

(3.1) ii^wh^-x+iip 12 ^)!!^ 
< (IK 2 II B - + II^ 2 II S -) 

C J*Q\uHr)\\ B . + ||« 2 (r)|| B? ^Hp 1 ^)!! 1 + ||p 2 (r)|| !)dr 

(2) ifs = 2 + i, i/ien 

H« la (*)llB.- + l|p 12 (*)llB.- 

< C(ll«o 2 ll B5 - + IIpo 2 II b -) 9 x (H^WHb. iP + II^WHb^) 1 - 

eC^'d^MllBs +||« 2 (r)|| B a +l|p 1 (T)|| B ,- 1 + ||p 2 (r)|| B ,-i)<*r 

+(IK 2 IIb- + IIpo 2 IIb-) 

C/o^ll^WHaj r + ||« 2 (r)|| B? r +||p 1 (T)|| B ,-i+||p 2 (T)|| B s-i)dr 
i/s = 3 + i, then 

II« U (*)IIb^ + IIp 12 (*)IIb;- 

< cgi^u^ + U 2 \\ B s-*) x (h^wHb- + llp 2 (*)ll fl .-0 1 - fl 

eC/^II^MII^ +||« 2 (r)|| B? +||p 1 (r)|| s - 1+ ||p 2 (r)|| !)dr 

+(IK 2 IIb- + IIpJ 2 IIb- 2 ) 

C/o^I^MUbj r + ||« 2 (r)|| B? ^ll/MH sS -l+||p 2 (r)|| B .-l)dT 
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where € (0, 1). 



u 12 



Proof. It is obvious that ^ pl2 J e L°°{0, T; B s p >r )nC([0, T]; S )xL°°(0, T; B s ~ r l )C\ 
C([0,T];S ) solves the following Cauchy problem of the transport equations: 

(3.2) 



{ d t u 12 + u 1 d x u 12 = F(t,x), 

d tP 12 + u 1 d xP 12 = G(t, x ), 

u 12 \ t={) = u\ 2 = u 2 - u\, 

y P 12 \ t =o = ph 2 = pI -po. 



where F(t,x) = -u 12 d x u 2 + P(D) (f u 12 ^ 1 + u 2 ) + § p 12 {p x + p 2 )) and G(t, 
-u 12 xP 2 - 2(p 12 d x u 1 + p 2 d x u 12 ). 

Claim. For all s > max(l + |, |) and t G [0, T], we have 

\\m\\ B ^, worn,*-* 



< C(||n 12 (t)|| B 3- 1+ ||p 12 (t)|| r ,) 



xdl^WHs^ + \\u 2 (t)\\ BSpr + WpHVWb^ + \\p 2 (t)\\ B s- rl ), 
where C = C(s,p,r,c) is a positive constant. 

Indeed, for s > 1 + |, -Ey^ 1 is an algebra, by Proposition 2.2 (4), we have 

\\u 12 d x U 2 \\ B s-l < C||M 12 || B a rr l||a x U 2 || s a-l < C||u 12 || Brr l||u 2 || B? r . 

Note that P{D) e OpiS- 1 ). According to Proposition 2.2 (8) and (2.2), we 
obtain 

\\P(D)( 3 -u^ +u 2 ))\\ B;7rl < q|« 12 || B .-i(||« 1 || B .- 1 + ||n 2 || B 3- rl ) 

and 

\\p{D){ c -p^ + P 2 ))\\ B s-, < q|p 12 || B .- 2 (||p 1 || B .-i + IIp 2 II b -), 

if max(l + i,|) < s< 2 + i. 

Otherwise, these inequalities can also hold true in view of the fact Bp~ 2 is an 
algebra as s > 2 + ^. Therefore, 

||F(t)|| B;rpl < C(||« 12 (t)|| B . rpl + ||p 12 (t)||.- p! ,) 

x (\\u\t)\\ B s r + \\u 2 (t)\\ B , r + wp'm^ + iip 2 (i)ii B 3-o, 

On the other hand, thanks to (2.2), we get 

\\u 12 d x p 2 \\ B e-2 < C\\u 12 \\ B s-l\\d x p 2 \\ B e-2, 

l|p 12 ax« 1 || B .- a <q|p 12 || B .- 2 ||ax« 1 || B .-i 



and 

||p 2 ^ 12 || S 3- 2 <C'||p 2 || Brrl ||^ 12 || Brr2 , 
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if max(l + ±,§) <s<2+±. 

For s > 2 + - , we can handle it in a similar way. Therefore, 

\\G(t)\\ B s- 2 < C(|| U 12 (t)|| Brrl + ||p 12 (t)||j- 2 ) 

x (\\u\t)\\ B s r + \\ui(t)\\ Bkr + HAt)^.-. + \\p 2 (t)\\ K - rl ). 

This proves our Claim. 

Applying Lemma 2.1 (1) and the fact that | \d x w{t) \ | i < C||w(t)||ss , 

\\d x w(t)\\ Bl - 3 < C\\d x w{t)\\ B s-2 < C\\w(t)\\ B s r , if we B s pr with s > max(2 - 
i 1 + i |), we can obtain, for case (1), 



. 12 I 



-J q \\F(r)\\ B; -rdT+C j o ||« 1 (r)|| B . iP ||« 12 (r)|| B .-idr 



\y 2 (t)\\ Bl7 ^ < \k u Bl 

and 

which together with the Claim yield 

\\u 12 (t)\\ Bl -i + \\p 12 (t)\\ B ;-* 

< \\< 2 \\ B ;-i + IIPo'IIb- + cJ\\\u 12 (t)\\ b} - 1 + ||p 12 (r)|| r? . 2 ) 

xflkMH, + l|H 2 (T)|| B| , r + Hp'WHb.-. + \\ P 2 (r)\\ B s-,)dr. 

Taking advantage of Gronwall's inequality, we get (3.1). 

For the critical case (2) s = 2 + i, we here use the interpolation method 
to deal with it. Indeed, if we choose si € (max(2 — |, 1 + ^, |) — 1, s — 1), 

s 2 e (s-l,s) and 9 = s -^^ € (0, 1), then s - 1 = 6s 1 + (l-9s 2 ). According 
to Proposition 2.2 (6) and the consequence of case (1), we have 

ll« 12 WII B - 

< ||n 12 W ||^ r ||n 12 W ||-f 

< (II^WIIb- + II« 2 (*)I| b;?p ) 1 - e (ll4 2 ll s - + HpS'II^-O' 

eC^dl^ 1 ^)!! +1 +||« 2 (r)|| +1 +||p 1 (r)|| B31 +||p 2 (t)|| b31 )dr 

Xg ^PiT K p,r D p,r D p,r 

< C{\K\\ Bl -, + \\pl 2 \\ Bi - 2 ) e (\\u\t)\\ B s r + \\u 2 (t)\\ B s r )^ 

eC p (\\u\r)\\ B s +||« 2 (r)|| B a +||„ 1 (r)|| B s-l+\\ P 2 (r)\\ fl .-i)«iT 

On the other hand, thanks to s — 2 = - < 1 + -, then the estimate for 
" p p 

\\v 12 {t)\\ B s--2 in case (1) can also hold true. Hence, we can get the desired 
result. 

For the critical case (3) s = 3 + -, its proof is very similar to that of case 
(2). Therefore, we complete our proof of Lemma 3.1. □ 

We next construct the approximation solutions to System (1.3) as follows. 
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Lemma 3.2. Let p and r be as in the statement of Lemma 3.1. Assume that 
s > max(2 - I 1 + I §) and s ^ 2 + \, z 4 ( U ° ) g B« r x 





P U 7 ~ V 



z° = \ "o 1 = 1 " I • Tften 



fij t/iere exists a sequence of smooth functions (z") ne N — ( „ ) belong- 

ing to (C(IR + ; i?^,)) 2 and solving the following linear transport equations by 
induction: 

d t u n+1 + u n d x u n+1 = P(D)(f(u") 2 + § (p") 2 ), 
a t/ 9™ +1 + u" = -2p n d x u n , 

u n + 1 \ t=0 ^u^ +1 (x)^S n+1 u 07 
p n+1 \t=o = P^ +1 (x) = S n+1 p . 



(Tn) 



(2) there exists T > suc/i f/iai i/ie solutions (z")neN is uniformly bounded in 
E s p r {T) x E^iT) and a Cauchy sequence in C([0,T]; B*' 1 ) x C([0,T]; B^~ 2 ), 

whence it converges to some limit z = ^ " ^ e C([0, T]; Bp7 1 )xC([0, T]; B*^ 2 ). 

Proof. Since all the data S^+iUo, SVi+iPo € £^° r , it then follows from Lemma 
2.2 and by induction with respect to the index n that (1) holds. 

To prove (2), applying Remark (2.2) and simulating the proof of Lemma 3.1 
(1), we obtain that for s > max(2 — i, 1 + i, |) and s ^ 2 + i 

(3.3) a n+1 (t) < Ce OT "W(A+ f e- cu "^a 2 n (r)dr) , 

Jo 

where a n (i) 4 ||u n (t)||B. ir + ||p n (t)|| B .-i, A 4 ||«o||Bj ir + ||po|| B; -i and U n (t) = 

Jo'lKMIkA- 

Choose < T < 2 c* a and suppose that 

CA 

(3-4) a " W -T-^c^' Vte[0,T]. 



Noting that e c(U"(t)-u n (r)) < ^i^|CVtr an d substituting (3.4) into (3.3) yields 
a„+i(i) 

~ Vl - 2C 2 At + Vl - 2C 2 At 7o (l-2C 2 ylr)l T 
CL4 C , A 



< 



Vl - 2C* 2 At Vl-2C 2 At Vl~2C 2 At 
CA 



l-2C 2 At' 
which implies that 

(z")„ eN is uniformly bounded in C([0,T]; B^ r ) X C([0,T]; B*' 1 ). 
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Using the equations (T n ) and the similar argument in the proof of Lemma 3.1 
(1), one can easily prove that 

aK+i ) is uniformly bounded tn C([0, T]; B*" 1 ) x C([0, T]; B s p - 2 ). 



Hence, 

(z™)„ eN is uniformly bounded in E s pr {T) x E^^T). 

Now it suffices to show that (z n ) ne ^ is a Cauchy sequence in C([0, T]; B^ 1 ) x 
C([0, T]; Bp~ 2 ). Indeed, For all to, n e N, from (T n ), we have 



a t (u n+m+1 - + u ii+m a a; (u" +m+1 - u n+1 ) 

D)(|(„"+'"_u n )(i 



P(£>)(|(u n+m - u n ){u n+m + u n ) + |(p" +m - p n ){p n+m + p")) 



and 



d t (p n+m+1 - P n+1 ) + u n+m d x ( P n+m+1 - P n+1 ) 
= -2((p n+m - p n ) d x u n + p n+m d x (u n+m - u n )) 
+ (u n - u n+m ) d xP n+1 . 

Similar to the proof of Lemma 3.1 (1), for s > max(2 — |, 1 + i, |) and s ^ 
2 + - , 3 + - , we can obtain that 

b™ +1 (t) < e OT " +m(t) (C + i(0) + C f e- cun+m ^b™(T)d™{T)dr), 

Jo 

where b™(t) 4 ||( u »+™ _ ««)(*) || B ._ pl + - p")(i)|| B s- 2 , C/"+ m (i) 4 

Joll«" +m WII^,^, andC(t)^|| U "(t)|| B ^ + || U "+ 1 (i)llB^ + ||«" +m W|| B?r + 

l|P n WllB.-+l|P n+1 WII B --||P n+,n WllB. rp - 

Thanks to Remark 2.1, we have 

n+rn n+m 

II E A ««o|| B .-. = ( E 2 fc(s - 1} 1|A fc ( E A gUo )||^)' 

g— n+1 k> — 1 q— n+1 

< C( E 2- fer 2 fes n|A fc no||£ P )^ 

fc= n 

< C2- n ||«o|| B . iP . 

Similarly, 

n+m 

II E ^A)|| B .-<C2-"||po|| B .- pl . 

<j=n+l 

Hence, we obtain 

6™ i(0)<C2-»(||uo|| B . +||po|| B .-i). 
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According to the fact that (z")„ e N is uniformly bounded in E* r (T) x E s p r 1 (T), 
we can find a positive constant Ct independent of n, m such that 

b™ +1 (t) < C r (2- n + fb™{T)dT), Vt G [0,T]. 
Jo 

Arguing by induction with respect to the index n, we can obtain 

k=0 ' 

, A (2TC T )fc (rC T )"+ 1 

^ (^L^^) 2 +Cr („+!)! ' 

fc=0 v ; 

which implies the desired result. 

On the other hand, for the critical points s = 2 + ior3 + i,we can apply the 
interpolation method which has been used in the proof of Lemma 3.1 to show 
that 0")„ eN is also a Cauchy sequence in C([0, T]; B*" 1 ) x C([0, T]; B s p ~ 2 ) for 
these two critical cases. Therefore, we have completed the proof of Lemma 
3.2. □ 

Now we are in the position to prove the main theorem of this section. 

Theorem 3.2. Assume that 1 < p, r < oo and s > max(2 — ^, 1 + ^, |) with 

s 7^ 2 + -. Let z a = ( U ° gB' x -B^ 1 and 2; = I U ) be the obtained limit 
p \ Po J p ' p ' V P ) 

in Lemma 3.2. Then there exists a time T > such that z £ E* r (T) x E^iT) 

is the unique solution to System (3.1), and the mapping zq >-> z : is continuous 

from Bp r x B^ 1 into 



p,r ) 



c([o,r];B;>c 1 ([o,T];B;; 1 )xC([o,r];B;; 1 )nc 1 ([o,r] ; a 

for all s < s if r = 00 and s = s otherwise. 

Proof. We first claim that z e E° r (T) x E^} (T) solves System (3.1). 
In fact, according to Lemma 3.2 (2) and Proposition 2.2 (7), one can get 

«eL oo ([0,r];B; ir )xL oo ([0,r];B;- 1 ). 

For all s < s, Lemma 3.2 (2) applied again, together with an interpolation 
argument yields 

z n ^z, asn^oo, m C([0, T]; b( t ) x C([0, T]; S^ 1 ). 

Taking limit in (T„), we can see that z solves System (3.1) in the sense of 
CflO.T];^- 1 ) x C([0,T];S*'- 2 ) for all a' < s. 

Making use of the equations in System (1.3) twice and the similar proof in 
the Claim of Lemma 3.1, together with Lemma 2.1 (4) and Lemma 2.2 yields 
z e E^ r (T) x e;-Ht). 

On the other hand, the continuity with respect to the initial data in 

CaO^Bs'jnC^T];^'^ (Vs < s) 
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can be obtained by Lemma 3.1 and a simple interpolation argument. While the 
continuity in C([0, T] ; B* r ) n C 1 ([0, T] ; B^/)xC([0, T] ; B^" 1 ) n C 1 ([0, T] ; B^ 2 ) 
when r < oo can be proved through the use of a sequence of viscosity approx- 
imation solutions [ Ue ) for System (1.3) which converges uniformly in 

C([0,T];B^ r ) n C 1 ([0,r];B"- 1 )x(7([0 ) Tjj-B*" 1 ) n C 1 ([0, T]; B^ 2 ). This com- 
pletes the proof of Theorem 3.1. □ 

Remark 3.1. (1) Note that for every s £ R. Bf 2 = Theorem 3.2 holds 
true in the corresponding Sobolev spaces with | < s ^ |, which almost improves 
the result of Theorem 3. 1 proved by Kato 's theory, where s > 2 is required. 
Therefore, Theorem 3.2 together with Theorem 3.1 implies that the conclusion 
of Theorem 3. 1 holds true for all s > | . 

(2) As we know, u c (t,x) = ce~' x ~ c *' with c £ I is the solitary wave solution 
to DP equation \llj , then the index s = | is critical in Besov spaces B| r 

3 

in the following sense J15\/ : System (1.3) is not local well-posedness in -B 2 2 oo- 

3 

More precisely, there exists a global solution u\ £ L°°(R + ; B 2 2 oc ) and v = 
to System (1.3) such that for any T > and e > 0, there exists a solution 

u 2 £ L°°(0,T;bI !OO ) andv = to System (1.3) with 

II WO) - WO) 1 1 a <£ but lltii-W a > 1. 

4 The precise blow-up scenario 

In this section, we will derive the precise blow-up scenario of strong solutions 
to System (1.3). 

Firstly, let us consider the following differential equation: 



(4.1) 



q t = u{t,q), t£[0,T), 
q(0, x) = x, x £ R, 



where u denotes the first component of the solution z to System (1.3). 

The following lemmas are very crucial to study the blow-up phenomena of 
strong solutions to System (1.3). 

Lemma 4.1. J5$ Let u £ C([0, T); B S (R)) n C a ([0, T); H'^fR)), s > 2. Then 
Eq.(4-1) has a unique solution q £ C 1 ([0,T) x R;M). Moreover, the map q(t, •) 
is an increasing diffeomorphism ofM with 

q 3l (t,x)=exp(J u x (s,q(s,x))ds\ > 0, V(£, x) £ [0, T) x R. 

Lemma 4.2. Let z = ^ ^° J £ H S (R) x B S - X (M) with s > § and T > be 

the maximal existence time of the corresponding solution z = f U ^ to System 
(1-3), which is guaranteed by Remark 3.1 (1). Then we have 

(4.2) p(t,q(t,x))q 2 x (t,x)=p (x), V(t, x) £ [0, T) X R. 
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Moreover, if there exists a M > such that u x (t,x) > —M for all (t,x) G 
[0, T) x R, then 

\\p(t, OIUoo, \\p(t, -)\\ L2 < e^WpoWxs-!, Vt G [0,T). 

Proof. Differentiating the left-hand side of Eq.(4.2) with respect to t and making 
use of (4.1) and System (1.3), we obtain 

j t (p(t,q(t,x))q 2 x (t,x)) 

= (pt(t,q) + p x (t,q)q t (t,x))ql(t,x) 

+2p(t,q)q x (t,x)q xt (t,x) 
= (pt(t, q) + p x {t, q)u(t, q) + 2p(t, q)u x {t, q))q 2 x (t, x) 
= 0. 

This proves (4.2). By Lemma 4.1, in view of (4.2) and the assumption of the 
lemma, we obtain for all t G [0, T) 

||p(V)lk~ = ||p(t,«(V))Hi~ 



= ||e- 2 J"o «.(».■>%,(. 

„2Mt\\ 



\L°° 



< e^||p (-)lk- 
By (4.2) and Lemma 4.1, we get 

/ \p(t,x)\ 2 dx = / \p(t,q(t,x))\ 2 q x (t,x)dx = / |po(2>)| 2 g~ 3 (t, x)dx 
Jr Jr Jr 

< e 3Mt / \ Po (x)\ 2 dx, Vi G [0,T). 

This completes the proof of the lemma. □ 

As mentioned in the Introduction, the H 1 -norm of the solutions to DP equa- 
tion is not conserved. However, what saves the game in some sense is to establish 
a priori estimate for the L°°-norm of the first component u of the strong solu- 
tions to System (1.3). 

Lemma 4.3. Let z = ^° j € H S {R) x H S -\R) with s > § and T be 

the maximal existence time of the solution z = ^ ^ ^ to System (1.3), which 

is guaranteed by Remark 3.1 (1). Assume that there is a M > such that 
\\p(t,-)\\ L oo,\\p(t,-)\\ L 2 < e 2Mt \\p \\ H °-i forallt€[0,T). Then for all t G [0,T), 
we have 

(4.3) ||u(t)||£ a < 2 e 2 ^ t (2\\u a \\ 2 L2 + \c\ t(l + 8Mt)(e 2Mt ||p ||^-i) 4 ) 
and 

(4.4) \\u(t)\\ L ~ 

< 3 -te 2 ^(2\\u \\ 2 L2 + \c\ t(l + 8Mi)( e 2 ^||po||^-0 4 + ^(e 2Mt \\po\\ H ^) 2 ) 

+ ||«o|U~ 
= J(t). 
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Proof. By a standard density argument, here we may assume s > 3 to prove 
the lemma. Set w = (4 — d 2 )~ 1 u. By the first equation of System (1.1) and the 
fact that (m t ,w) — (m,w t ) or J M m t wdx — J M mw t dx, we have 



ld_ 

Ydt 



While 



and 



f mwdx = ^ f m t wdx + ^ f mw t dx — f m t wdx 
Jr 2 J R 2 J R J R 

= —3 / wmu x dx — / wm x udx — c I wpp x dx 

JR JR JR 

= w{mu) x dx — 2 / wmu x dx + — / w x p 2 dx. 

JR JR 2 Jjj 



/ w{mu) x dx = — I w x mudx = I w x u 2 dx — / w x u 2 dx, 

JR JR JR JR 



2 / wmu x dx = — I w x u 2 + / w x u 2 dx. 

JR JR JR 

Combining the above three equalities, we deduce that 

/ mwdx = c [ w x p 2 dx. 
Integrating from to t on both sides of the above equality, we have 
/ mwdx = / m a w dx + c I / w x p 2 dxds, 

JR JR JO JR 

which implies 



\uil)\\'l = \\u(l)\\'i^_ 4jf I±|^|fi(/ <)| 2 <= l{ih(t).<cUY) 



= A(m(t), w(t)) = 4(mo, wo) + 4c / / w x p 2 dxds 

JO JR 

< 4||uo|||,2 +4c f [ w x p 2 dxds. 

JO JR 

Note that 

\\w x (t)\\h = l|5,(4-^)- 1 U (t)||i 2 
< K*)lll- 
Besides, by the assumption of the lemma, we have 

||p(V)Hl« < \\p(t,-)\\U\p(t,-)\\h < (e 2Mt \\po\\ H s-i)\ V t e [0,T). 
Hence, 

||«(t)||£ a < 4|K||| 2 + 2 C AiK(5,.)||! 2 + ||p( s ,-)lli4)d S 

Jo 

< 4|| Uo ||! 2 +2| C |t(e 2M 1po||^- 1 ) 4 + 2| C | f \\u{ S )\\ 2 L2 ds. 

Jo 
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By Gronwall's inequality, we can reach (4.3). 

Next we prove (4.4). Indeed, by the first equation in System (1.3), we have 

u t + uu x = -d x p * (^u 2 + ^p 2 ). 

Applying Young's inequality and noting that HSepHloo < \, we have 

|| -d xP *(^u 2 + ^ P 2 )\\ L ~ 

< ll^Plkooii^ + lp 2 !!^ 

< l\\u\\l, + ^\\ P \\h 

< ^ni 2 + ^( e 2Mt iiPoii^o 2 . 

Besides, in view of (4.1), we have 
du{t,q(t,x)) = Ut ^ q ^ x ^ + Ux (t,q(t,x))q t (t,x) = (u t + uu x )(t,q(t,x)). 
Thanks to (4.3) and the facts above, we deduce 

-p(t) < < P(t)j 

where 

P(t) 4 ^^l*( 2 || Uo || 2 L2 + |c| t(l + 8Mt)(e 2Mt ||p ||^- 1 ) 4 + ^(^IIPoll^-O 2 ). 

Integrating the above inequalities with respect to t < T on [0,t] yields 

-tP(t)+u (x) < u(t,q(t,x)) < tP(t)+u (x). 

Therefore, in view of Lemma 4.1, we get the desired result. This completes the 
proof of the lemma. □ 

Corollary 4.1. Let z = j e H S (R) x i? 8 " 1 ^) with s > § and T be 

the maximal existence time of the solution z = ^ " ^ to System (1.3), which 

is guaranteed by Remark 3.1 (1). If d x u € L 1 (0, T; £°°), then for all t G [0,T), 
we feawe 

||ti(t)||ioo 

3 



< 
~ 2 



te 2 l c l t (2|| Uo |li 2 + |c|i(l + 8 / ll^^lUoc^^/oll^nWIkoodrii^n^^^ 

Jo 



+ l£l (e 2/ Ml^(r)|Uoo <i . ||po||ifs _ i)2) + ||wo||Lo 

L(t). 
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Proof. By the proof of Lemma 4.2, we also have 

l|p(V)lk~, l|p(i,OII^ < e 2 ^ll^(x)|| z ,oo^| |po|| ^ s i; Vte[0]T) . 

It is then easy to prove the corollary by a similar argument as in the proof of 
Lemma 4.3. □ 



Theorem 4.1. Let z = ^ J € H S (R) x iJ 8 " 1 ^) with s > § and T be 

the maximal existence time of the solution z = ^ ^ ^ to System (1.3), which 
is guaranteed by Remark 3.1 (1). If T < oo, then 

/ \\d x u{T)\\ L ^dT = oo. 
Jo 

Proof. We will prove the theorem by induction with respect to the regular index 
s (s > |) as follows. 

Step 1. For s e (f,2), by Lemma 2.3 and the second equation of System 
(1.3), we have 

\\p(t)\\ H s-i < ||po||ifs-i + C I \\d x u{r) p(T)\\ H s-idT 







+C t \\p(t)\\hs-i(\Ht)\\ l °° + \\d x u(r)\\L°°)dT. 
Jo 



Applying (2.1), we get 

(4.5) \\d x up\\ H .-i < C(||a i «||H.-i||p|| i c. + WO^WlooWpWh^). 
Thus, 

(4.6) ||p(t)||tf.-i < llpollff-i + C [ \\d xU (T)\\ H s-l\\p(T)\\ L oodT 

Jo 

+c f || /9 (T)|| ir .-i(||«(T)|Uoo + ||a a!U (T)|Uoc)dr. 

Jo 

On the other hand, thanks to Lemma 2.1 (3) and the first equation of System 
(1.3), we have (Vs > 1, indeed) 

||«(t)lk. < IKIIff- + cj\\P(D)^u 2 + ^)(r)\\ H sdr 

+ C f ||«(T)|| ff .||a !1! u(T)||LoodT. 

Jo 

By Proposition 2.2 (8) and (2.1), we have 

\\P(D)^u 2 + ^)\\ H s 

< q|^ 2 + |p 2 ||H- 

< C'(||u|| iJ .-i||u||i,oo + IHIff=-i||Hk~)- 

17 



Hence, 

(4.7) \\u(t)\\ H s < \\u \\„. + C f ||«(T)||ff.(||u(T)||ioc + \\d x u(r)\\ L oo)dT 

Jo 

+ C f \W)\\ H .-A\ P {T)\\ L -dT. 

Jo 

Combining (4.6) and (4.7), we obtain 

\\u(t)\\Hs+\\p(t)\\ H s-i < IKIk* + \\Po\\hs-i +C I {\\u\\ H s +||p|| ff .-i) 

Jo 

x(|M|l~ + H^tiHioo + ||p|| L oo)dr. 
Thanks to Gronwall's inequality, we have 

(4.8) ||u(t)|| H . + ||p(t)|| ff .-i < (HuoIIh. + ||po||ir.-i) 

xe C , / t (||«(r)|| I ,oo + ||9 a ,u(r)|| I ,<» + || (0 (r)|| I ,oo)dr i 

Therefore, if T < 00 satisfies \\d x u(T)\\L°°dT < 00, then we deduce from 

(4.8) , Corollary 4.1 and the fact \\p(t, -)\\ L oo < e 2 So H^MII^^UpoH^-i that 

(4.9) \\u(t)\\ H . +||p(t)|| H .-i 

< (IKIIh= + HpoIIh— 

xe Ct(e 2 /o \\B*«W\L°odT llpollHe _ l+L{t))+c jt \\ dx u(r)\\ L codT _ 

Hence, 

(4.10) limsup(||u(t)|| H . + \\p(t)\\ H .-i) < 00, 

which contradicts the assumption that T < 00 is the maximal existence time. 
This completes the proof of the theorem for s € (|, 2). 

Step 2. For s e [2, |), Lemma 2.1 (1) applied to the second equation of 
System (1.3), we get 

\\p(t)\\H°-i < \\Po\\h°-i + C f \\d x u{r) p{r)\\ H s-,dT 

Jo 

+C J \\ P (r)\\ H s-r\\d x u(r)\\ HinLoo dT, 
together with (4.5) implies that 

(4.11) ||p(t)||jr.-i < ||po||ff-i + C [ \\d x u(T)\\ H s-i\\p(T)\\ L ~dT 

Jo 

+C J \\p(T)\\ H .- 1 \\d x u(T)\\ H l nLee dT. 

By (4.7) and (4.11), we have 

\\u(t)\\ H .+\\p{t)\\H-* < \\M\hs +\\po\\h-*+C [ (\\u\\ H '+\\p\\h-*) 

Jo 

x(\\u\\ H 3 +E0 + \\p\\ L oo)dr, 
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where e e (0, \) and we used the fact that H? +ea i?5 n L°° . Thanks to 
Gronwall's inequality again, we have 

(4.12) \\u{t)\\H'+\W)\\H-i < (||«o|k- + \\Po\\hs-i) 

x( CfZ(\\u(T)\\ H Z + S0 +\\p(T)\\L~)dT 

Therefore if T < oo satisfies \\d x u(T)\\L°°d>T < oo, then we deduce from 

(4.12) , (4.10) with f+e G (f,2) and the fact < e 2 /o H^H^ 
that 

(4.13) limsup(|| U (t)|| ffs + \\p(t)\\ H s-i) < oo, 

t^rT 

which contradicts the assumption that T < oo is the maximal existence time. 
This completes the proof of the theorem for s £ [2, |). 

Step 3. For s <E (2, 3), by differentiating the second equation of System (1.3) 
with respect to x, we have 

dtPx + u d x p x + 3u x p x + 2u xx p = 0. 

By Lemma 2.3, we get 

\\dxP(t)\\ H s-2 < \\d x po\\H°-* + C \\{3u x p x + 2pu xx )(T)\\ H e-2dT 

Jo 

+C f \\d xP (T)\\ H .-,(\\<T)\\ L ao + \\d x u(r)\\ L oo)dr. 
Jo 

Thanks to (2.3), we have 

\\uxPx\\h"- 2 < C(\\d x u\\ H s-i\\p\\ L tt + \\d x u\\ L °°\\d x p\\ H 3-2) 

and 

\\ P U xx \\ H s-2 < C(||p||jy»- i||0 x ti||i,oo + ||p||l,oc||u xx ||ij s -2). 

Hence, 

\\d xP (t)\\ HS - 2 < \\d x po\\ H '-> + C f (\\u(t)\\ H s +\\ P {t)\\ h .-i) 

Jo 

X(||«(T)||ic. + \\d xU (T)\\ L oo + ||p(r)||ico )dT, 

which together with (4.7) and (4.6) with s — 2 instead of s — 1, yields that 

\Ht)\\ H s +\\p(t)\\ H s-i < \\u \\hs + ||po||ifs-i +C [ (\\u\\ H s +\\p\\ H .-i) 

Jo 

x(\\u\\ L oo + ||a x u|| L oo + HpHloo)^. 

Similar to Step 1, we can easily prove the theorem for s e (2, 3). 

Step 4. For s = k e N and k > 3, by differentiating the second equation of 
System (1.3) k — 2 times with respect to x, we get 

(d t + ud x )d k x - 2 P + c luh dk +1 u% +1 P + 2 P d k x - 1 u = o, 

l 1 +l 2 =k-3,li,h>0 
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which together with Lemma 2.1 (1), implies that 

R*- 2 P(*)II^ < \\d k x - 2 P o\\m+C f \\d k x - 2 p{T)\\ m \\d x u{T)\\ HhnLoo dr 

J 

+ Cf\\ C h j 2 d^ +1 ud^ +1 p + 2pdt 1 u\\^dr. 

"' l 1 +l 2 =k-3,l 1 ,l 2 >0 

Since H 1 is an algebra, it follows that 

\\ P d k x -'u\\ m <C\\p\\ m \\d k x - l u\\ m <C\\p\\ m \\u\\„s 

and 

II Y c h , l2 d^ +1 ud^ +1 P \\^ <ciMitf.-iiMiff.-i. 

ii+i 2 =fc-3,ii,; 2 >o 
Then, we have 

(4.14) \\d k x - 2 p(t)\\ Hl < \\%-*po\\hi+C [\\\u(t)\\ h .+\\p{t)\\ h .- 1 ) 

Jo 

x(\\u(r)\\ H s- 1+ \\p(T)\\ m )dr. 
By the classical Gagliardo-Nirenberg inequality, we have for a € (0, 1), 

IKt)|| ff .-i<c(|| P (t)||^ + ||^-Vi)|| H i), 

which together with (4.14), (4.7) and (4.6) with o instead of s — 1, yields that 

Ht)||tf. + ||p(t)||*.-i < c(||uo|| ff . + ||A)ll*.-0 + c AlHitf. + 11^1^.-0 

Jo 

x(||m|| h .-i + \\p\\ m )dT. 
By Gronwall's inequality, we obtain 

(4.15) \\ U {t)\\ H s +\\p{t)\\ H s-r < C(\\u \\hs + ||po|Us-i) 

xe C/ t (||«(r)|| iJS - 1 + ||p(r)|| ifl )^_ 

If T < oo satisfies J Q T ||9 x u(T)||LoodT < oo, applying Step 3 and arguing by 
induction assumption, we can obtain that ||u(£)||#.-i + ||p(t)||ifi is uniformly 
bounded. Thanks to (4.15), we get 

(4.16) limsup(||u(t)|| ff . + \\p(t)\\ Hs -i) < oo, 

which contradicts the assumption that T < oo is the maximal existence time. 
This completes the proof of the theorem for s = k € N and k > 3. 

Step 5. For se(fc,fc + l),fceN and k > 3, by differentiating the second 
equation of System (1.3) k — 1 times with respect to x, we get 

(d t + ud x )d k - 1 p+ Y c hM d l x ^ 1 ud l x ^ 1 p + 2 P d k x u = o. 

Ji+i2=fc-2,ii,J 2 >0 
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Applying Lemma 2.3 with s — k e (0, 1), we have 
(4.17) m^-VWIk.-* 



o 



+C/|| E C h j 2 d^ +1 u(r)d^ +1 p(T)+2p(T)d k x u(r)\\^dT. 

For each e € (0, i), using (2.3) and the fact that H? +e ° =-> we have 

(4.18) H^uHff.-* < C(||^u|| ff .-*||p|| L oc+||ai- 1 u || i co||p|| ff .- fc+1 ) 

< c , (|H| ff .||p|| i co + ||u|| fffc _ i+eo ||p|| ff .-* + i) 

and 

(4.19) || ^ C IllIa ^ +1 «^? + V||H.-» 

Ji+J 2 =fc-2,ii,i 2 >0 

< c ^ CiaMdl 1+1 u\\L~\\d l * +1 P \\ H s-* 

l 1 +l 2 =k-2,l 1 ,l 2 >0 

+\\d l x l+1 u\\ H s-» + A\d l x 2 p\\Loo) 

< c(IMMMI Hfc -i+ e o + ll u ll H fe-i+ e ollHI^-0- 

Combining (4.17), (4.18) and (4.19), we can get 



H^-VWIIff.-* < Ha^poH^+C A||«(r)|| ff . +||p(r)|| ff .-0 

Jo 

x(IMI H *-i+=o + IHI^-f+^o)^ 



which together with (4.7) and (4.6) with s — k g (0, 1) instead of s — 1, yields 
that 

IK*)llff'+l|p(*)llff-i < C(\\uo\\ H ' + \\po\\h-i) + C [ (||u|| H . + ||p|| ff .-i) 

Jo 

x(\\u\\ Hk _i +eo + \\ P \\ Hk _3 +EQ )dT. 
Thanks to Gronwall's inequality again, we obtain 

\Ht)\\H* + \\p{t)\\ H s-i < C(||tio||ff. + ||po||ff.-0 

X C S*(\\u\\ Hk _ h+eo+ \\ P \\ Hk _ i+eo )dr ^ 

Noting that k — ^ + eo < k, k — ^ + eo < k — 1 and k > 3, and applying Step 
3 and the similar argument by induction as in Step 4, we can easily get the 
desired result. 

Consequently, we have completed the proof of the theorem from Step 1 to 
Step 5. □ 

The following main theorem of this section shows the precise blow-up sce- 
nario for sufficiently regular solutions to System (1.3). 
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Theorem 4.2. Let z Q = ^ ^° ^ € H S (M) x ff s_1 (]R) mtft s > | and T > be 

the maximal existence time of the corresponding solution z = ^ ^ ^ to System 

(1.3), which is guaranteed by Remark 3.1 (1). Then the corresponding solution 
z blows up in finite time if and only if 

liminf inf iu x (t, x)} = — oo. 

Proof. As mentioned earlier, we only need to prove the theorem for s > 3. 
Assume that the solution z blows up in finite time (T < oo) and there exists a 
M > such that 

(4.20) u x (t,x) > —M, V(t,i)e[0,r)xR. 
By Lemma 4.2, we have 

||p(V)IU~,||p(V)IU' <e 2Mt ||po||^- 1; Vte [0,T). 

Differentiating the first equation in System (1.3) with respect to x and noting 
that d 2 p * f = p * f — /, we have 

3 c 3 c 

(4.21) u tx = -u x - uu xx -p* (-u 2 + -p 2 ) + -u 2 + -p . 

Note that 

(4 22) du x {t,q(t,x)) = Uxt ^ q ^ x ^ +Uxx ^ q ^ x ^ qt ^ x ^ 

= (u tx +uu xx )(t,q(t,x)). 

By (4.21) and (4.22), in view of u 2 x > 0,p*u 2 > 0, \\p*p 2 \\ L °° < ||p|| L i \\p\\ 2 LOO < 
(e 2Mt ||po||H-0 2 and (4.4), we obtain 

du x (t,q(t,x)) 
dt 

= -u 2 x {t, q(t, x))-p* (^u 2 + ^p 2 ){t, q(t, x)) + (^u 2 + ^p 2 )(t, q(t, x)) 

< \c\{e 2 ^\\p,\\ H ^) 2 + \j 2 (t). 
Integrating the above inequality with respect to t < T on [0,t] yields that 

u x (t,q(t,x)) < u x (0) + \c\t(e 2Mt \\po\\ H °-i) 2 + ltJ 2 (t), Vte [0,T). 
Then for all t £ [0, T), we have 

3 

supw^x) < \\8 x uo\\l^ + \c\t(e 2Mt \\po\\H-- 1 ) 2 + ^U 2 (t) 
< \\u \\ Hs +\c\t(e 2Mt \\p \\ HS - 1 ) 2 +'±tJ 2 (t), 
which together with (4.20) and T < oo, implies that 

/ \\d x u(T)\\ L oodT < oo. 

Jo 
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This contradicts Theorem 4.1. 

On the other hand, by Sobolev's imbedding theorem, we can see that if 

liminf inf {u x (t, x)} = — oo, 

then the solution z will blow up in finite time. This completes the proof of the 
theorem. □ 

Remark 4.1. Theorem 4-2 implies that the blow-up phenomena of the solution 
z to System (1.3) depends only on the slope of the first component u. That is, 
the first component u must blow up before the second component p in finite time. 



5 Blow-up 

In this section, we will state two new blow-up criterions with respect to the 
initial data and the exact blow-up rate of strong solutions to System (1.3). 

Remark 4.1 and Lemma 4.2 imply that if we want to study the fine structure 
of finite time singularities, one should assume in the following that there is a 
M >0 such that \\p(t,-)\\ L oo,\\p(t,-)\\ L 2 < e 2Mt \\p \\ HS -i for alU e [0,T). Next 
we will apply Lemma 4.3 to establish our first blow-up result with respect to 
the initial data. 

Theorem 5.1. Let z = j e H S (R) x H"- 1 ^) with s > § and T 

be the maximal existence time of the solution z = ^ ^ ^ to System (1.3), 

which is guaranteed by Remark 3.1 (1). Assume that there is a M > such 
that \\p{t,-)\\ L oo,\\p{t,-)\\ L 2 < e 2Mt \\p \\ H s-i for all t e [0,T). Let e > and 

T* = i ln ( 1+ g) > 0. If there is a point xq <G K such that 

x/W+T(IIpo|| hs -i+i) 

u' (x ) < -(l + s)K(T*), 

where K(T*) ^ (3M±ll( e 2MT* +1)) 2 + | J 2 (T*)) ' > 0, then T < T* . 

In other words, the corresponding solution to System (1.3) blows up in finite 
time. 

Proof. As mentioned earlier, we may assume s = 3 here. By (4.21) and (4.22), 
in view ofp*(| U 2 ) > and \\p*p 2 \\ L ~ < \\p\\ L co ||p||| 2 < i(e 2M *||p ||^-0 2 , 
we obtain 

, K1 x du x (t,q(t,x)) 
* 

< -u 2 x (t, q(t, x))-p* (^p 2 (t, q(t, xjj) + ^u 2 {t, q(t, x)) + ^p 2 (t, q{t, x)) 



-«:.(/■«(/-'■).) + ^(e 2Mt ||A)||«.-0 2 + |l«(*)lll^ 



Set m(t) = u x (t,q(t,Xo)) and fix e > 0. From (5.1) and (4.4), we have 
(5.2) <-m 2 (t)+K 2 (T*), Vte[0,T*]n[0,T). 



23 



Since m(0) < -(1 + e)K(T*) < —K(T*), it then follows that 

m{t) < —K(T*), Vt e [0, T*] n [0, T). 

By solving the inequality (5.2), we get 

m(0) + K(T*) (T * )t _ 2g(T*) 
1 ' m(0) - K(T*) ~ m(t) - K(T*) ~ 

Noting that m(0) < -(1 + e)K(T*) and 2K(T*)T* > ln(l + |), we deduce that 



(5.4) In 



m(0) - K(T*) 
m(0) 



— — f < 2K(T*)T* 
K(T*) ~ K ' 



By (5.3), (5.4) and the fact < ^[°]+^] < 1, there exists 

n<- T r 1 1 w(0) ' < t-i* 

2#(T*) m(0) + K(T*) " ' 

such that lim m(t] = — oo. This completes the proof of the theorem. □ 

In order to establish the second blow-up result, we need the following useful 
lemma. 

Lemma 5.1. ^ Let T > and u e C 1 {[0,T);H 2 ). Then for every t e [0,T), 
there exists at least one point ((f) £ 1 with 

m(t) = mi(u x (t,x)) = u x (t,£(t)). 

The function m{t) is absolutely continuous on (0,T) with 
dm 

-7T = utx{t,£(t)) a.e. on (0,T). 
dt 

Theorem 5.2. Let z = ( ^° ^ € H"(R) x JF" 1 ^) wit/i s > ^ and T be the 

maximal existence time of the solution z = ( " ^ to System (1.3), which is 

guaranteed by Remark 3.1 (1). Assume that c > and i/ie initial data satisfies 
that uo is odd, po is even, u (0) < and pa(0) = 0. Then T < — A-r = 

To and lim u x {t, 0) = — oo. Moreover, if there is some xq G K smc/i £/ia£ 
u (:ro) = inf Mo(^) Po^o) 7^ 0, then there exists a T\ G (0, rrr]; smc/i 

set u o(0) 

i/iai lim sup ( sup p x (t, x)) = +oo, if p q (xq) > and lim inf ( inf p x (t,x)) = — oo 
otherwise. 

Proof. We may assume s = 3 here. By the assumption uo is odd, po is even, 
and the structure of System (1.3), we have u(t, x) is odd and p(t, x) is even with 
respect to x for t e (0, T). Thus, u(t, 0) = and /^(t, 0) = 0. 
Since po{0) = and the second equation of System (1.3), it follows that 

p(t,0) = p Q {0)e- 2 fo u ^ s '^ ds = 0. 



24 



Set M(t) = u x (t,0). By (4.21), (4.22) and in view of c > 0, p * u 2 > and 
p * p 2 > 0, we have 

(5.5) « = -M 2 (t)- P *( 3 -u 2 (t,0) + ^ P 2 (t,0)) 

< -M 2 (t). 



Note that if M(0) = u (0) < 0, then M(t) < M(0) < for all t G (0,T]. From 

(5.5) , we obtain T < — 77— and 

(5.6) Mti0 )=M( t )< I ^W_-,-oo J 

as 1 -> 4sv 

u (0) 

On the other hand, applying Eq.(4.1) and differentiating the second equation 
in System (1.3) with respect to x, we get 

(5 J) dp x (t,q(t,x)) = ^ 3Uxf)x _ 2Uxx p)(t, q(t, x)). 

By Lemma 5.1, there exists £(i) el such that 

(5.8) «*(*,£(*)) = inf (u x (t,x)) Vt G [0,T). 
Hence, 

(5.9) «**(*,£(*))=<) a.e. (6 [0,T). 
By (5.7), (5.9) and Lemma 4.1, we have 



dt 



= -3u x (t,Z(t))p x (t,ti(t)), 



together with the assumption u (xq) = inf u (x) and (5.8) yields £(0) = xq, 

(5.10) Px (t, m =p' Q (x )e-*f>^W =p' (x )e- 3J t^ u * Mds . 
Thanks to (5.6) again, we have for all t G [0, T), 

1 

-3 /„' inf «.(«,*)<*. -3 Jo ■ 2 ni '\ m dS 1 



(l + «o(0)t) 3 



+00, 



as t — > — ^T^y . This implies the desired result and we have completed the proof 
of the theorem. □ 

We conclude this section with the exact blow-up rate for blowing-up solutions 
to System (1.3). 

Theorem 5.3. Let z = ^ ^° ^ G H S (R) x H S -\M.) with s > § and T < 00 

&e i/ie blow-up time of the corresponding solution z = ^ ^ ^ io System (1.3). 

Assume that there is a M > swc/i tftaf ||p(t, -)I|l~, OIIl 2 < e 2Mt ||Po||.Efs-i 
/or all t G [0,T). T/ien 

(5.11) lim ( in^{u x (t,x)}(T-t)) = -1. 
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Proof. We may assume s = 3 here. By the assumptions of the theorem and 
(4.4), we can find a M > 0, such that 

||p(t,-)||i~, ||u(t,-)|U~ <M , Vie [0,T). 

Hence, 

\\p*P 2 \\l™ < IHI^IIpIIIoo <M 2 and \\p*u 2 \\ L ~ < \\p\\ L r \\u\\ 2 LOO < M 2 , 
which together with (4.21) and (4.22), implies that 

(5.12) \^+m 2 (t)\<K, 

where K — K(\c\,M ) is a positive constant. 

For every e € (0, \), using the fact m(t) < u x (t,0) and (5.6), we can find a 
t e (0,T) such that 



m(t ) < -y if + — < -Vif. 
Thanks to (5.12) again, we have 

m(t) < -Vk. 
This implies that m(t) is decreasing on [to,T), hence, 



m(t) < -\jK+ y < -y Vte[to,T). 
Noting that -m 2 (t) - # < < -m 2 {t) + K a.e. t e (t ,T), we get 

(5.13) i_ e <l(_i_)<i + e a .e. te(t„,T). 

Integrating (5.13) with respect to f e [to,T) on (i, T) and applying lim m(t) = 
— oo again, we deduce that 

(5.14) (i_ e )(T-t)<--ly<(l + e )(r-t). 

Since e e (0, 5) is arbitrary, it then follows from (5.14) that (5.11) holds. This 
completes the proof of the theorem. □ 
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